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Exercise. Let λ denote Lebesuge measure on R. Let x ∈ R, and let f : x 7→ f(x) ∈ R be Lebesgue
measurable. For Borel sets B ⊂ R, define

µ(B) = λ({x : f(x) ∈ B}).

Show that µ is a measure, and that∫
R

g(y)dµ(y) =
∫
R
(g ◦ f)(x)dλ(x)

for all g such that the integrals make sense.

Solution.
µ is a measure if (a) µ : M → [0, ∞]

(b) µ(∅) = 0

(c) {Ej}∞
1 disjoint =⇒ µ

(∞⋃
1

Ej

)
=

∞∑
1

µ(Ej)

(a) µ(B) = λ({x : f(x) ∈ B}) and λ a measure, so λ({x : f(x) ∈ B}) ≥ 0
=⇒ µ(B) ≥, i.e. µ : BR → [0, ∞]

(b) µ(∅) = λ({x : f(x) ∈ ∅}) = λ(∅) = 0 since λ a measure

(c) For {Ej}∞
1 disjoint, let Fj = {x : f(x) = Ej} so µ(Ej) = λ(Fj).

So, x ∈ Fj =⇒ f(x) ∈ Ej

=⇒ f(x) ̸∈ Ek for k ̸= j since {Ej} disjoint.
=⇒ x ̸∈ fk for k ̸= j

=⇒ {Fj}∞
1 is disjoint

µ

(∞⋃
1

Ej

)
= λ

(
{x : f(x) ∈

∞⋃
1

Ejæ
)

)

= λ

(∞⋃
1

{x : f(x) ∈ Ej}
)

= λ

(∞⋃
1

Fj

)

=
∞∑
1

λ(Fj)

=
∞∑
1

µ(Ej)

Thus, µ is a measure
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Solution.
Show that ∫

R
g(y)dµ(y) =

∫
R
(g ◦ f)(x)dλ(x)

for all g such that the integrals make sense.
Look at simple functions.
Let {ϕn} be a sequence of simple functions converging pointwise almost everywhere monotonically
up to g, so by the Monotone Convergence Theorem,

lim
n→∞

∫
ϕndλ =

∫
gdλ

ϕn =
kn∑

j=1
αj,nχ(Ej,n)

=⇒
∫

ϕdλ =
kn∑

j=1
αj,nλ(Ej,n)

=
kn∑

j=1
αj,n

∫
Ej,nfdµ

∫
f

∑
j=1k

n

αj,nχ(Ej,n)
 dµ =

∫
f ◦ ϕndµ f ◦ ϕn converges pointwise to f ◦ g

By MCT
∫

gdλ = lim
n→∞

∫
f ◦ ϕndµ

=
∫

f ◦ gdµ
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