Rutgers University: Real Variables and Elementary

Point-Set Topology Qualifying Exam
January 2018: Problem 4 Solution

Exercise. Let A denote Lebesuge measure on R. Let z € R, and let f : x — f(x) € R be Lebesgue
measurable. For Borel sets B C R, define

w(B) = A({z: f(z) € B}).
Show that u is a measure, and that
Lowdutw) = [ (g0 fa)dr@)

for all g such that the integrals make sense.

i is a measure if (a) p: M —[0,00]

(b) (@) =0

© (B st — 4 (U) =38

(a) w(B) =A({x: f(x) € B}) and X\ a measure, so A({z : f(x) € B}) >0
— u(B) >,i.e. pu: Br — [0,00]

(b) u(0) =A({z: f(z) € 0}) = A(D) = 0 since A a measure
(c) For {E,}{° disjoint, let F; = {x: f(z) = E;} so u(E;) = \(F}).

So, reF; = f(x)€E;
= f(z) & Ej for k # j since {E;} disjoint.
— x4 f for k #£ j

— {F;} is disjoint
w(UB) =2 (s ) e Ume)
A(U{:p eE})
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Thus,  p is a measure




Show that
[ 9wdn(y) = [ (g0 Pa)dA@)

for all g such that the integrals make sense.

Look at simple functions.

Let {¢,} be a sequence of simple functions converging pointwise almost everywhere monotonically
up to g, so by the Monotone Convergence Theorem,

Tim / drd\ = / gdA

kn

On = Z aj,nX(Ej,n)
j=1
kn

— / sdh =3 ;A Ej,)
=1
kn

= Zaj,n/Ej,nfd:u
j=1
/f (Z aj,nx(Ej,n)> dp = /f o ¢pdi f o ¢, converges pointwise to f o g
J=15
By MCT / gd\ = lim / Fodndu

Z/fogdu




